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We derive the general counting rules for a quantum effective field theory (EFT) in d dimensions.
The rules are valid for strongly and weakly coupled theories, and predict that all kinetic energy terms
are canonically normalized. They determine the energy dependence of scattering cross sections in
the range of validity of the EFT expansion. We show that the size of cross sections is controlled by
the Λ power counting of EFT, not by chiral counting, even for chiral perturbation theory (χPT).
The relation between Λ and f is generalized to d dimensions. We show that the naive dimensional
analysis 4pi counting is related to ~ counting. The EFT counting rules are applied to χPT, low-energy
weak interactions, Standard Model EFT and the non-trivial case of Higgs EFT.
I. INTRODUCTION
Effective field theories (EFT) have a wide application
in high energy physics, and are often used to parametrize
the (a priorit unknown) effects of new physics at low ener-
gies in terms of local operators. An EFT is a well-defined
quantum field theory, and one can compute radiative cor-
rections and renormalize the theory without reference to
any quantity outside the EFT. (See, e.g. Ref. [1] for a re-
view and pedagogical examples.) EFT have a systematic
expansion in a small parameter, usually called the EFT
power counting formula, an example of which is Wein-
berg’s momentum power counting formula for chiral per-
turbation theory (χPT) [2]. A power counting formula
called naive dimensional analysis (NDA) applicable to
general EFT has been known for some time [3]. Recently,
there has been renewed interest in EFT power count-
ing and its application to new physics searches at the
LHC [4–6]. The use of EFT ideas, which have been well-
established over several decades, to Higgs boson physics
has caused considerable debate in the literature.
A generic effective Lagrangian describes many distinct
fields and interactions, which naturally lead to indepen-
dent expansions in different parameters such as momenta,
couplings, etc. In general, it is not possible to unify all
expansions into a single expansion which is valid for all
energy regimes.
In this paper, we start by presenting a pedagogical
derivation of the EFT power counting rules for an arbi-
trary theory in d dimensions. The same power counting
rules are valid for weakly and strongly interacting theo-
ries. We then show that the most general power counting
rules are linear combinations of:
(a) a counting rule for each coupling constant;
(b) a counting rule for Λ, the EFT scale;
(c) a counting rule for the total number of fields;
(d) a generalization of Weinberg’s momentum power
counting rule which also counts fermion bilinears;
(e) a 4pi counting rule.
The counting rules are not all linearly independent; and
it is convenient to choose either (c) or (d). Rule (e)
provides a good estimate for amplitudes and Lagrangian
coefficients, and a convenient normalization which makes
the distinction between strong and weak coupling regimes
clear. One can reformulate (e) as an equivalent ~
counting rule using the EFT loop expansion parameter
~/(4pi)d/2, as explained in Sec. II.
The NDA power counting rule is the usual Λ count-
ing rule for EFT combined with the 4pi counting rule,
which provides a systematic way to normalize EFT oper-
ators [3]. One is free to pick any operator normalization
by redefining the operator coefficients; the advantages of
using NDA normalization are discussed in Section III.
The power counting formula in the form given here
leads to the correct normalization for terms in the
Standard Model (SM) Lagrangian, including the kinetic
terms, and it gives a homogeneous counting rule for the
two terms in the gauge covariant derivative D = ∂+ igA,
where g and A denote a generic gauge coupling and gauge
boson, respectively. We also find an interesting general-
ization of the relation Λ ∼ 4pif in d = 4 dimensions to d
dimensions.
We provide many examples of the use of power count-
ing rules in Sec. III. In particular, we discuss the well-
known applications to χPT and the Fermi theory of low-
energy weak interactions. The Fermi theory is an instruc-
tive example of how low-energy measurements, which can
be computed using the EFT, can be used to determine
the pattern of operator coefficients and hence the struc-
ture of the underlying UV theory. The Fermi theory is
subtle — the power counting rules depend on the opera-
tor flavor structure. The Fermi theory also demonstrates
that “one scale, one coupling” power counting [7] is not
valid for the low-energy limit of spontaneously broken
gauge theories. We discuss the application of the count-
ing rules to the Standard Model EFT (SMEFT) and how
the renormalization group evolution obeys NDA normal-
ization. We give a toy example that illustrates the util-
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2ity of NDA counting in an explicit matching computa-
tion. As a final example, we explain the counting rule
for triple-gauge operators and anomalous magnetic mo-
ments.
We apply the counting rules to study scattering cross
sections in Sec. IV, and show that the size of cross sec-
tions is given by the usual Λ counting rule. This re-
sult applies not only to the SMEFT – also known as
linear electroweak EFT – but also to other effective the-
ories such as χPT and non-linear Higgs electroweak EFT
(HEFT).
Application of the power counting rules to HEFT is
discussed in Sec. V. Conclusions are presented in Sec. VI.
II. MASTER FORMULA IN d DIMENSIONS
This section presents a pedagogical discussion of EFT
power counting rules. Many of the results are known.
This section establishes notation, makes clear the con-
nection between different counting rules, and summarizes
results which will be used in the later discussion. The re-
sults are given in d dimensions; the extension of the d = 4
results to arbitrary dimension is new, and the d depen-
dence of the relation between Λ and f is non-trivial.
In d spacetime dimensions, the mass dimensions of
generic scalar φ, gauge boson A and fermion ψ fields and
of generic gauge g, Yukawa y and quartic scalar λ cou-
pling constants are
[φ] =
d− 2
2
, [A] =
d− 2
2
, [ψ] =
d− 1
2
,
[g] =
4− d
2
, [y] =
4− d
2
, [λ] = 4− d.
(1)
The couplings g, y and λ denote generic gauge, Yukawa
and quartic scalar coupling constants in the dimension
≤ d terms of the EFT Lagrangian. Cubic scalar cou-
plings, and scalar and fermion mass terms also can be
included, as in Ref. [4]. The generalization to include
these additional couplings is discussed below. The scalar
fields φ include both Goldstone boson and non-Goldstone
boson fields. We will assume that the kinetic terms in the
Lagrangian are canonically normalized, and that a gen-
eral interaction term has the form
∂Np,iφNφ,iANA,iψNψ,iΛNΛ,i(4pi)N4pi,igNg,iyNy,iλNλ,i ,
(2)
where Na,i counts the number of factors of each type a
appearing in the vertex i, and we have included factors
of 4pi in the normalization to allow us to count 4pi factors
arising from loops. Since higher dimension operators are
suppressed by inverse powers of Λ, NΛ < 0 for operators
with dimension ≥ d.
The powers in Eq. (2) are not all independent, but
satisfy the constraint that terms in the Lagrangian have
mass dimension d in d spacetime dimensions,
d = Np,i +
d− 2
2
(Nφ,i +NA,i) +
d− 1
2
Nψ,i +NΛ,i
+
4− d
2
(Ng,i +Ny,i + 2Nλ,i) .
(3)
If we define the total number of fields at a vertex by
NF,i ≡ Nφ,i +NA,i +Nψ,i, (4)
then Eq. (3) can be written as
0 =
(
Np,i +
1
2
Nψ,i − 2
)
+
d− 2
2
(NF,i − 2) +NΛ,i
+
4− d
2
(Ng,i +Ny,i + 2Nλ,i),
(5)
which will be useful later.
Now consider an arbitrary connected EFT diagram
with insertions of vertices of the type Eq. (2). The dia-
gram will generate an amplitude of the same form as in
Eq. (2), and we can determine the powers of the different
factors.
The number of external fields are given by
Nφ =
∑
i
Nφ,i − 2Iφ, (6a)
Nψ =
∑
i
Nψ,i − 2Iψ, (6b)
NA =
∑
i
NA,i − 2IA, (6c)
where the sum is over all vertices, and Iφ,ψ,A are the
number of internal lines of each type, since each internal
line results from the contraction of two fields.
The dependence of the overall diagram on each cou-
pling constant is
Ng =
∑
i
Ng,i , (Rg) (7a)
Ny =
∑
i
Ny,i , (Ry) (7b)
Nλ =
∑
i
Nλ,i , (Rλ) (7c)
where Rg,y,λ denote these relations. These equations are
obvious, because coupling constants appear only in the
Feynman rules of vertices, since all propagators have been
normalized to unity and do not bring in factors of the
coupling, nor do the loop integrals.
The Λ dependence of the amplitude is
NΛ =
∑
i
NΛ,i . (RΛ) (8)
This equation follows trivially because loop integrals do
not generate powers of Λ if one uses a mass-independent
regulator such as dimensional regularization.
3The 4pi factors are given by
N4pi =
∑
i
N4pi,i − d
2
L, (R4pi) (9)
where L is the number of loops, since each loop in d
dimensions has an overall factor of (4pi)−d/2.
The overall power of momentum p is
Np =
∑
i
Np,i − 2Iφ − 2IA − Iψ + dL (10)
since each internal scalar or gauge propagator is order
1/p2, each fermion propagator is order 1/p, and a loop
integral is order pd. For p counting, light particle masses
are treated as mass insertions. Otherwise, Eq. (10) gives
the maximum power of p, and one can get lower powers
with some p → m, or equivalently, one has to count the
sum of powers of p and m, supplementing Eq. (2) by an
additional m-counting factor.
In addition, there is one graph theory identity
V − I + L = 1, (11)
which holds for a connected graph. Here V is the total
number of vertices, I = Iφ + Iψ + IA is the total number
of internal lines, and L is the number of loops, and the
r.h.s. is the Euler character χ = 1 for a connected graph.
In summary, we have 10 relations Eq. (6a)–(11). Using
Eqs. (6a)–(6c) to eliminate Iφ,ψ,A leaves 7 relations that
do not depend on the number of internal lines. Five
relations are Rg,y,λ,Λ,4pi. Eliminating I in Eqs. (6a)–(6c)
and (11) gives the field counting rule
NF − 2 =
∑
i
(NF,i − 2)− 2L, (RF ) (12)
where NF,i is defined in Eq. (4). The final relation, ob-
tained from Eqs. (10) and (11), is
Nχ − 2 =
∑
i
(Nχ,i − 2) + (d− 2)L, (Rχ) (13)
where
Nχ ≡ Np + Nψ
2
, Nχ,i ≡ Np,i + Nψ,i
2
. (14)
Eq. (13) is a generalization of Weinberg’s power counting
formula for χPT [2] to Nψ 6= 0. It also gives the power
counting rule for baryon χPT [8, 9] with Nψ = 2. Nχ
will be used extensively in the χPT discussion later in
this article. Nχ is related to the chiral dimension defined
in Refs. [5, 6], and discussed after Eq. (36).
The linear combination
d− 2
2
(NF − 2)+(Nχ − 2) +NΛ+
+
4− d
2
(Ng +Ny + 2Nλ) = 0 ,
(15)
is equivalent to Eq. (3), i.e. the Lagrangian term induced
by loop graphs also has mass dimension d if all the inter-
action Lagrangian terms have mass dimension d. Only
6 of the 7 relations are linearly independent because of
this constraint, which becomes
(NF − 2)+(Nχ − 2) +NΛ = 0 , (16)
in d = 4.
Of the 7 relations Ri, i = g, y, λ,Λ, 4pi, F, χ, the first
four are independent of the number of loops L in the
EFT graph. However, by replacing R4pi by R
′
4pi ≡ R4pi −
(d/4)RF ,
N4pi − d
4
(NF − 2) =
∑
i
(
N4pi,i − d
4
NF,i +
d
2
)
, (R′4pi)
(17)
and Rχ by R
′
χ ≡ Rχ + [(d− 2)/2]RF ,(
N ′χ − d
)
=
∑
i
(
N ′χ,i − d
)
, (R′χ) (18)
where
N ′χ,i ≡ Np,i +
Nψ,i
2
+
d− 2
2
NF,i, (19)
one obtains two alternative relations which are indepen-
dent of the number of loops. Thus, of the 7 relations
Rg, Ry, Rλ, RΛ, RF , R
′
4pi and R
′
χ, only one relation RF
depends on the number of loops. As before, only 6 of
the 7 relations are independent because of the constraint
Eq. (3).
Any 4pi counting rule that is independent of the num-
ber of loops must satisfy R′4pi. For the rule to be self-
consistent, one must obtain the same 4pi counting for an
operator independently of the way it is generated. This
implies that the individual terms of Eq. (17) must vanish,
or be a linear combination of the other independent con-
served quantities, namely the couplings and Λ. Requiring
that they vanish implies
N4pi =
d
4
(NF − 2) , (20)
which is tantamount to the statement that each field
scales with a factor of (4pi)d/4 and that the overall La-
grangian scales with (4pi)−d/2. The more general case
where individual terms in the sum in Eq. (17) are a lin-
ear combination of conserved quantities is equivalent to
the additional freedom to rescale couplings and Λ by fac-
tors of 4pi while still satisfying Eq. (17). We can take
advantage of this freedom to use, instead of Eq. (20),
N4pi =
d
4
(NF − 2)− d
4
(Ng +Ny + 2Nλ) , (21)
which is the 4pi scaling rule of NDA [3] in d dimensions.
This choice of scaling gives canonical gauge boson kinetic
terms. Combined with the usual EFT power counting in
Λ dictated by dimensional analysis, Eq. (21) gives the
NDA master formula.
The NDA master formula in d dimensions is that each
operator in the Lagrangian is normalized according to
4Λd
(4pi)d/2
[
∂
Λ
]Np[ (4pi)d/4φ
Λ(d−2)/2
]Nφ[
(4pi)d/4A
Λ(d−2)/2
]NA[
(4pi)d/4ψ
Λ(d−1)/2
]Nψ[
g
(4pi)d/4Λ(4−d)/2
]Ng[ y
(4pi)d/4Λ(4−d)/2
]Ny[ λ
(4pi)d/2Λ(4−d)
]Nλ
(22)
times coefficients of order unity. In d = 4, this formula reduces to
Λ4
16pi2
[
∂
Λ
]Np [4pi φ
Λ
]Nφ [4pi A
Λ
]NA [4pi ψ
Λ3/2
]Nψ [ g
4pi
]Ng [ y
4pi
]Ny [ λ
16pi2
]Nλ
, (23)
which is the NDA rule in the form given in Ref. [10, 11].
From the master formula Eq. (22), it follows that the
kinetic energy terms are of order
iψ/∂ψ, (∂µφ)
2, X2µν , (24)
where Xµν is a generic field strength tensor, and the
gauge, Yukawa and scalar interaction terms in d = 4
become
gψ /Aψ, yψψφ, λφ4 (25)
times factors of order unity, which are the conventional
normalizations.
The NDA rule Eq. (22) also works if the coupling con-
stant is absorbed into the gauge field, A′ = gA. In this
case, the counting rule is A′/Λ for the new gauge field,
and the kinetic term is normalized to
1
g2
XµνX
µν (26)
times a coefficient of order unity.
Finally, a generic four-fermion operator arises with a
suppression by two powers of the EFT scale Λ,
(4pi)2
Λ2
ψψψψ , (27)
independent of the Lorentz contraction performed to con-
struct the operator and with no assumptions about how
the operator originates from integrating out heavier par-
ticles.
The power counting rule in Eqs. (22,23) is actually an
inequality [3]. The reason is that certain operators can
have small coefficients, and this does not affect the over-
all power counting. However, one cannot have large co-
efficients, because otherwise loop graphs involving these
operators will generate large coefficients in other opera-
tors as well. A trivial example is dimension-six opera-
tors in the Fermi theory of weak interaction. One can
have ∆B = 1 baryon number violating operators with
coefficients much smaller than GF , and this is consistent
with the power counting. However, it is not possible to
have such operators with coefficients much larger than
GF — other than the phenomenological problem of in-
stantaneous proton decay, such operators would produce
∆B = 0 operators with coefficients much larger than GF
through graphs involving ∆B = 1 and ∆B = −1 opera-
tors.
A quick way of understanding the 4pi factors in the
NDA master formula is to recall that ~ counts the number
of loops in the EFT (using the action S/~), so that the
EFT loop expansion is in powers of ~/(4pi)d/2. Setting
~ = (4pi)d/2, so that ~ cancels the loop factor, and noting
that quantum fields have dimension ~1/2 gives Eq. (22).
The 4pi redefinitions of coupling constants discussed in
Sec. III are given by their ~ dimensions. 4pi counting is
equivalent to ~ counting in the EFT, and this formulation
gives an equivalent version of counting rule (e). ~ count-
ing has also been discussed previously in Ref. [12, 13].
In the derivation of Eq. (22), the number of loops refers
to graphs in the EFT. It is not possible, in general, to
count loops in the UV theory and to assign a loop or-
der to couplings in the EFT. An example is χPT, where
the scalar pion sector arises from strong dynamics. In
this case, the low-energy degrees of freedom are non-
perturbative, and ~ counting of the UV theory does not
survive in the EFT. The low-energy dynamics is governed
by f ∝ ΛQCD, and(
ΛQCD
µ
)b0
= e−8pi
2/[~g23(µ)]x (28)
where g3(µ) is the QCD gauge coupling, and b0 is the first
term in the QCD β-function. Eq. (28) is non-analytic in ~
and g3, and one cannot assign a QCD loop order to terms
in the chiral Lagrangian. A more detailed discussion of
this point, as well as related aspects of minimal coupling
are discussed in detail in Ref. [14].
Note that defining Λ to be the scale of the momentum
expansion in powers of p/Λ, as in Eqs. (22) and (23),
eliminates the freedom to rescale Λ by powers of 4pi. The
advantage of rescaling the gauge coupling according to
NDA Eq. (21), rather than the simpler choice Eq. (20),
is that the gauge covariant derivative
D
Λ
=
∂
Λ
+ i
[ g
4pid/4Λ(4−d)/2
] [ (4pi)d/4A
Λ(d−2)/2
]
=
∂ + igA
Λ
(29)
has a homogeneous power counting, since the 4pi scal-
ings of g and A cancel in the product. The gauge boson
5FIG. 1. Plot of Λ/f as a function of spacetime dimension
d. The asymptotic value as d → ∞ is √4pi, shown as the
horizontal line.
field scales in the same manner as the scalar field. Note
that the covariant derivative does not have homogeneous
scaling in Nχ; ∂ has Nχ = 1 and gA has Nχ = 0.
It is straightforward to extend Eqs. (22) and (23) to
include scalar mass terms m2φφ
2, fermion mass terms
mψψψ, and trilinear scalar couplings κφ
3 [4]:[
m2φ
Λ2
]Nmφ [mψ
Λ
]Nmψ [ κ
(4pi)d/4Λ(6−d)/2
]Nκ
, (30)
which in d = 4 reduces to
[
m2φ
Λ2
]Nmφ [mψ
Λ
]Nmψ [ κ
4piΛ
]Nκ
. (31)
In χPT in d = 4, the Lagrangian is a function of
U ≡ exp 2iΠ/f , where Π(x) is the pion matrix, and
f is the pion decay constant. In d dimensions, U =
exp 2iΠ/f (d−2)/2, since f has mass dimension one. Ex-
panding U gives arbitrary powers of Π/f (d−2)/2. Com-
paring with Eq. (22), we see that f (d−2)/2 must be the
denominator for scalar fields. This result fixes the rela-
tion between Λ and f ,1
Λ = (4pi)
d
2(d−2) f, d 6= 2. (32)
The ratio (Λ/f) has an interesting dependence on d,
which is shown in Fig. 1. Strictly speaking, as shown in
Ref. [3], Eq. (32) is an inequality Λ 6 (4pi)
d
2(d−2) f rather
than an equality. The NDA master formula Eq. (22)
written using both Λ and f becomes
fd−2Λ2
[
∂
Λ
]Np [ φ
f (d−2)/2
]Nφ [ A
f (d−2)/2
]NA [ ψ
f (d−2)/2
√
Λ
]Nψ [ g
(4pi)d/4Λ(4−d)/2
]Ng[ y
(4pi)d/4Λ(4−d)/2
]Ny[ λ
(4pi)d/2Λ(4−d)
]Nλ
(33)
which reduces in d = 4 to [3]
f2Λ2
[
∂
Λ
]Np [φ
f
]Nφ [A
f
]NA [ ψ
f
√
Λ
]Nψ [ g
4pi
]Ng [ y
4pi
]Ny [ λ
16pi2
]Nλ
. (34)
Example applications of Eq. (23) are given in Sec. III.
The factors of 4pi in NDA are of practical importance.
For example, in χPT, the derivative expansion is in pow-
ers of p/Λ, and is valid for pion scattering with momenta
smaller than Λ = 4pif ∼ 1 GeV, where f is the pion
decay constant. Since mpi ≥ f , using f , instead of Λ,
as the momentum expansion parameter would indicate
that χPT should fail even for pipi scattering at threshold,
where p ∼ mpi, which is not the case.
In summary, the only counting rules that are consistent
are combinations of:
1 Two dimensions is special [15].
– The coupling constant rules Rg,y,λ.
– RΛ, which is the usual EFT rule counting powers of
Λ. Since in EFTs, NΛ < 0, this rule counts powers
of Λ in the denominator.
– The 4pi counting rule R′4pi (or equivalently R4pi).
– The field counting rule RF .
– The momentum rule Rχ (or equivalently R
′
χ),
which counts Nχ ≡ Np + Nψ/2. In the special
case Nψ = 0, this counting rule reduces to count-
ing powers of momentum p in the numerator.
These rules are not linearly independent; the 6 power
counting rules excluding R4pi are related by constraint
6Eq. (5) in d dimensions. The independent rules, which
apply simultaneously, are
– The coupling constant rules Rg,y,λ.
– The Λ rule RΛ.
– The 4pi counting rule R′4pi (or equivalently R4pi).
– Either the field counting rule RF or the rule Rχ,
and these four rules provide four different pieces of in-
formation. None of the counting rules depends on the
number of internal lines in the graph, and only the last
rule depends on the number of loops in the EFT.
We have concentrated on applying power counting
rules in generic EFTs. There can be symmetry consid-
erations that alter the counting rules. For example, in a
theory with small CP violation, CP conserving operators
obey the usual counting, whereas CP violating operators
are suppressed by a small parameter  1 that governs
the size of CP violation. In QCD, flavor symmetry is
broken by the quark mass matrix, which transforms as
the adjoint of flavor SU(3). Flavor non-singlet operators
are suppressed by powers of mq given by the minimum
number of adjoints needed to construct the operator. Op-
erators with non-zero triality cannot be made from ten-
sor products of adjoints, and have zero coefficient. For
fermions, chiral symmetry implies that operators which
violate chirality by ∆χ have a coefficient with ∆χ/2 fac-
tors of a fermion mass or Yukawa coupling [3, 4]. In
composite Higgs models [16–18], there is a small vacuum
misalignment parameter  ∼ v/f , where v ∼ 246 GeV is
the electroweak scale, and f is the analog of fpi for the
strong dynamics which generates the composite Higgs.
This small parameter can be included in the counting
of higher dimension operators in these models [19–24],
analogous to the way small symmetry breaking parame-
ters are included.
In EFTs, field redefinitions can be used to redefine op-
erators, which is related to using the equations of motion
(EOM) [25] in S-matrix elements. Since the Lagrangian
obeys NDA, its variation, which gives the EOM, is also
compatible with NDA. For example, the schematic form
of the SM Higgs doublet H EOM is
D2H +m2H + λ(H†H)H + yψψ = 0, (35)
and all three terms scale homogeneously as Λ/(4pi)
in NDA. However, the terms are not all of the same
order for the other counting rules Ri. The values
of (NF , Nχ, Nλ, Ny) for the four terms are (1, 2, 0, 0),
(1, 0, 0, 0), (3, 0, 1, 0) and (2, 1, 0, 1), respectively. One
could restore the field and Nχ counting rules by assign-
ing NF = −1, Nχ = 1 to y, NF = −2, Nχ = 2 to λ, and
Nχ = 1 to m, but we will not follow this path, since one
loses information by coalescing independent expansions.
The counting of Ref. [5], in which fermion fields have
chiral dimension p1/2, and y has dimension p is equivalent
to using the counting parameter
N˜χ ≡ Np + Nψ
2
+Ng +Ny + 2Nλ
≡ Nχ +Ng +Ny + 2Nλ .
(36)
This combination was called the chiral dimension in
Ref. [6] and is compatible with the EOM. Eq. (36) for the
chiral dimension is closely related to earlier work in chi-
ral perturbation theory, where the charge Q was counted
as O(p) in the chiral counting. Some drawbacks of this
counting are discussed in Sec. III B.
III. EXAMPLES
In this section, we consider a number of examples
which illustrate the EFT power counting rules.
A. Wavefunction Graph
FIG. 2. Wavefunction Graph
As an example of the counting rules, consider the
fermion wavefunction graph in Fig. 2 in d = 4. The two
interaction vertices are gψ /Aψ, each with Ng = 1, Ny = 0,
Nλ = 0, Nφ = 0, NA = 1, Nψ = 2, Np = 0, NΛ = 0,
N4pi = 0, and the loop graph gives ∼ (g2/(16pi2))ψ i/∂ ψ
which has Ng = 2, Ny = 0, Nλ = 0, Nφ = 0, NA = 0,
Nψ = 2, Np = 1, NΛ = 0, N4pi = −2. One can verify
that all the counting rules Ri are satisfied. The NDA
master formula Eq. (33) gives
f2Λ2
[ p
Λ
] [ ψ
f
√
Λ
]2 [
fg
Λ
]2
∼ g
2
(4pi)2
ψ2 p (37)
which agrees with the final amplitude.
B. Chiral Perturbation Theory
The low-energy dynamics of the pion octet in QCD is
given by chiral perturbation theory. Conventionally, the
leading order (or order p2) Lagrangian including electro-
magnetism is
L2 =
f2
4
Tr
[
DµU
†DµU + U†χ+ χ†U
]
(38)
where U(x) = exp 2iΠ(x)/f , χ is proportional to the
quark mass matrix, f is the pion decay constant, and
DµU = ∂µ + ieAµ [U,Q] is the electromagnetic covariant
7derivative, and Q = diag(2/3,−1/3,−1/3) is the quark
charge matrix. The NLO (or order p4) Lagrangian is
L4 = L1
[
TrDµU
†DµU
]2
+ L4
[
TrDµU
†DµU
] [
TrU†χ+ χ†U
]
+ L6
[
TrU†χ+ χ†U
]2
− iL9eFµν
[
TrQDµUDνU
† + TrQDµU†DνU
]
+ L10e
2FµνFµνTrU
†QUQ
+ 2H1e
2FµνFµνTrQ
2 + . . . (39)
where Fµν is the electromagnetic field-strength tensor,
Li and Hi are low-energy constants, and we have shown
typical terms. The complete L4 Lagrangian is given in
Ref. [26], and we have simplified the terms in Eq. (39) to
the case of only QED gauge fields.
First consider the chiral limit χ → 0 with the gauge
interactions turned off. The pion field enters in the com-
bination U(x) = exp 2iΠ(x)/f by chiral invariance. U
obeys the power counting rule of Eqs. (23,34) treating
it as a dimensionless object of order unity, since every
power of Π comes with a factor of 1/f . Since U(x) is
dimensionless, the chiral Lagrangian is an expansion in
powers of ∂/Λ, and Nχ and NΛ counting are identical.
The pion kinetic term inL2 has the size given by NDA.
NDA implies that the interaction terms L1−8 in L4 have
size Li ∼ L˜i/(16pi2), where L˜i are order unity [1, 3]. Li
are then of order 10−2 − 10−3, which is the case exper-
imentally (see Table 1 in Ref. [26]). The advantage of
NDA normalization is that the Lagrangian coefficients
are order unity.
The mass matrix χ of χPT is of order χ ∼ Λmq, where
mq = diag(mu,md,ms) is the quark mass matrix, so that
M2 ∼ Λmq, where M is the meson mass. This gives a
good estimate of the meson masses using known values of
the light quark masses. It is conventional in χPT to treat
TrχU†+ h.c. as order p2. This is convenient for organiz-
ing the computation, and also because on-shell mesons
have p2 = M2. p and mq are, however, independent pa-
rameters. In pipi scattering, the two-derivative term gives
a scattering amplitude of order E2CM/f
2, where ECM is
the center-of-mass energy, whereas the mass term gives
an amplitude of order M2/f2. The relative importance
of the two depends on the kinematics of interest. One can
use SU(3) χPT, where the kaon is treated as a light par-
ticle, or SU(2) χPT, where the kaon is treated as heavy
and integrated out.
The electromagnetic terms are of order L9 ∼ e/(16pi2)
and L10, H1 ∼ e2/(16pi2), using Eqs. (23,34). The pi+−pi0
mass difference, arising from
L = c
( e
4pi
)2
f2Λ2TrQUQU† (40)
where c ∼ 1 with NDA normalization, is
M2pi+ −M2pi0 ∼
α
4pi
Λ2 (41)
which is the size of the experimentally measured mass
difference.
Again, it is conventional to include L9,10, H1 as part
of the p4 Lagrangian since they are generated along with
L1−8 by one-loop graphs with L2 vertices. However, it
is important to remember that this is for convenience
in organizing the calculation, and that these terms are
not literally of order p4. A commonly used procedure in
χPT with electromagnetism is to use p power counting
with [27]
Q ∼ O(p), Aµ ∼ O(1) , (42)
where Q is the charge. This is a useful rule in the context
in which it was proposed. However, it should not be
taken as a fundamental principle to be blindly applied
in all cases. For example, the long distance (i.e. p → 0)
Coulomb field of a particle is proportional to the electric
charge Q, and so Q certainly does not vanish at zero
momentum.
The power counting rules discussed here agree with the
conventional ones used in χPT, with the distinction that
we are treating Lagrangian parameters such as mq and
α as independent parameters, since they are not equal to
kinematic variables such as p. This distinction is particu-
larly important in the case of HEFT discussed in Sec. V,
where one is investigating the dynamics of a high energy
theory which is unknown.
C. Low Energy Weak Interactions
The Fermi theory of weak interactions is the low-
energy limit of the electroweak sector of the SM theory.
It provides a well-known pedagogical example of an EFT
arising from a weakly coupled theory, and shows how low-
energy experiments can be used to determine the pattern
of coefficients of EFT operators and to deduce the UV
theory. Historically, the process took several decades.
The structure of the weak interactions is surprisingly
subtle. At tree-level, single W exchange gives the inter-
action term
L = −4GF√
2
VijV
∗
kl
(
ψiγµPLψj
) (
ψlγ
µPLψk
)
(43)
in the quark sector, where i, j, k, l are flavor indices, and
a similar term in the lepton sector. The SM gauge
symmetry is spontaneously broken by the Higgs mech-
anism, leading to massive charged gauge bosons with
mass MW = g2v/2, and a massive scalar with mass
MH =
√
2λ v. The Fermi constant is
4GF√
2
=
g22
2M2W
=
2
v2
(44)
In the weak coupling limit g2 → 0, MW → 0, but GF
remains fixed. As far as the EFT is concerned, the only
relevant quantity isGFVijV
∗
kl; g2 andMW are parameters
of the UV theory.
8There are also ∆S = 2 interactions,
L (∆S=2) = −4GF√
2
C2
(
dγµPLs
) (
dγµPLs
)
(45)
which are generated at one-loop in the Standard Model.
The coefficient C2, generated by box graphs, depends at
one-loop on the CKM angles VisV
∗
id, as well as MW and
quark masses. Higher order corrections also depend on
MH .
It is clear that the low-energy weak interactions are
not, in any sense, described by a “one-scale, one-
coupling” theory [7]. The CKM elements VijV
∗
kl vary
over five orders of magnitude, and the flavor structure of
the weak interactions is a crucial part of the Standard
Model. Any model of new physics has to incorporate
the SM flavor structure if it is to be compatible with ex-
periment. Even neglecting flavor, the SM has at least
two dimensionless couplings g2 and λ, and radiative cor-
rections depend on these, either directly through vertex
couplings, or indirectly, through the MW /MH mass ratio.
Let us now pretend that we do not know the underly-
ing SU(2) × U(1) electroweak theory, and see what we
can learn from EFT methods. This is not an esoteric
exercise — it was the way in which the structure of the
weak interactions was determined historically. We will
concentrate on the lepton sector, to avoid the additional
subtleties of flavor and the GIM mechanism [28], and also
to not worry about differences between MW and MZ , to
simplify the discussion.
The leptonic version of Eq. (43) determines GF via
the well-known formula for the muon decay rate, Γ =
G2Fm
5
µ/(192pi
3). This simple form follows because of two
accidents, that neutrino mass differences are small, and
determining neutrino flavors is difficult experimentally.
Otherwise, the muon decay rate would be broken up
into individual neutrino flavor states, with factors of the
PMNS matrix which can vary by several orders of mag-
nitude.
From Eq. (23), we get the inequality
GF .
(4pi)2
Λ2
=⇒ Λ . 4piv (46)
since we have made no assumption about whether the
weak interactions are weakly or strongly coupled. It is
worth repeating that a measurement of GF does not de-
termine Λ, but only gives an inequality Eq. (46). Assum-
ing that Eq. (43) is generated by tree-level gauge boson
exchange in the UV theory allows us to obtain g2/MW ,
but not g2 or MW separately. For example, the Abbott-
Farhi model [29, 30], a strongly interacting model for the
weak interactions, has a different W mass than the SM.
Additional experimental information is needed to ob-
tain Λ, which sets the scale of the momentum expansion.
One method is to use neutral current neutrino scatter-
ing experiments to determine sin2 θW , which, when com-
bined with α gives g2. Then we can separately obtain
g2 and MW using Eq. (44). A more direct method is to
use energy dependence of parity violating electron scat-
tering through γ − Z interference, which shows that the
scale Λ of the momentum expansion is MZ ∼ MW . In
the EFT, this is due to the p2/M2Z operator obtained by
expanding 1/(p2 −M2Z) in powers of p. In other words,
Λ ∼MZ ∼MW can be determined from low-energy mea-
surements by comparing the coefficient of the dimension-
six ψ4 and dimension-eight ∂2ψ4 operators in the EFT.
With this additional piece of information, we see that
Eq. (46) is an inequality, so that the SM is the low-energy
limit of a weakly coupled theory. Assuming that the
muon decay operator is suppressed by one power of the
UV coupling g22 , Eq. (23) implies that the operator is
2
L ∼ (4pi)
2
Λ2
( g2
4pi
)2
ψ4 (47)
so that GF ∼ g22/M2W . This relation then allows us to
estimate g2 and MW separately. In the SM, not all four-
fermion operators arise at the same order in g2. The
∆S = 2 operator is not of the size Eq. (47), but has an
additional suppression of two powers of the coupling,
L (∆S=2) ∼ (4pi)
2
Λ2
( g2
4pi
)4
ψ4 ∼ GF αW
4pi
ψ4 (48)
If we had assumed (incorrectly) that the ∆S = 2 La-
grangian had the form Eq. (47), we would have obtained
the wrong value for g2.
The pattern of suppression is not a prediction of the
EFT, but must be determined experimentally. It depends
on the underlying UV theory, but can be determined
experimentally solely by using low-energy measurements
that can be computed using the EFT, as was done for the
SM. The process can be quite involved — it took several
decades to understand the electroweak sector of the SM,
and much of this work was done using low-energy mea-
surements, before the advent of colliders energetic enough
to produce the W and Z.
D. Running of the Low Energy Weak Interactions
The renormalization group equations for the low-
energy weak interation Lagrangian also provides a nice
example of the utility of the 4pi counting rules of NDA.
We will concentrate on just two operators, a four-fermion
operator O1 ∼ ψ4, and a magnetic moment operator
O7 ∼ mψ2X, and show how the EFT power counting
rules are already implicit in the standard form of the
2 If we assume that EFT operators have power of g, y, λ of the
UV theory through matching, then we count those powers in the
same way as the EFT couplings, Eq. (22).
9weak Lagrangian for b→ s transitions [31],
LW =− 4GF√
2
VcbV
∗
cs
∑
i
CiOi ,
O1 = (cγ
µPLb) (sγµPLc) ,
O7 =
e
16pi2
(sσµνPRb) Fµνmb .
(49)
The NDA form of the Lagrangian from Eq. (23) gives
precisely this relative factor of e/(16pi2) between O7 and
O1. The renormalization group evolution equations have
a homogenous form when the operators are normalized
as in Eq. (49) as expected, since NDA is consistent with
renormalization. In Ref. [31], the e/(16pi2) factor was
introduced to make the evolution equations have homo-
geneous form. There is an analogous NDA scaling that
was used in Ref. [4] to simplify the form of the evolution
equations for the SMEFT, which has eight different oper-
ator classes of dimension-six with their individual scaling
factors.
E. SMEFT
SMEFT is another instructive example of the use of
Eq. (22). The SM and SMEFT lepton and baryon num-
ber preserving operators of mass dimension d ≤ 6 and
chiral number Nχ = Np + Nψ/2 are shown schemati-
cally in Table I using NDA normalization. Nχ reflects
the different 4pi weights of operators with a given mass
dimension d.3
The SMEFT Lagrangian is obtained from the SM La-
grangian by adding all operators of mass dimension d > 4
constructed from SM fields with suppressions of 1/Λd−4
in d = 4 spacetime dimensions. Schematically, the
SMEFT Lagrangian (ignoring lepton and baryon num-
ber violating operators) is
L ∼− 1
4
X2 + ψi /Dψ +DµH
†DµH
−m2SH†H − yψψH − λ(H†H)2
+ CH
H6
Λ2
+ Cψ2H3
ψ2H3
Λ2
+ Cψ4
ψ4
Λ2
+ . . .
(50)
where we have used the conventional normalization of
coefficients, and we have explicitly shown only a few
dimension-six operators. The same Lagrangian in NDA
3 It is related to the NDA weight w defined in Ref. [4]. As shown in
Ref. [4], w explains the pattern of the one-loop SMEFT anoma-
lous dimensions [32–37], as well as the approximate holomorphy
of the one-loop anomalous dimension matrix for d = 6 opera-
tors found in Ref. [38], and proven in a more general context in
Ref. [39, 40].
Operator d Nχ NDA Form
H2 2 0 Λ2H2
ψ2 3 1 Λψ2
H4 4 0 (4pi)2 H4
ψ2H 4 1 (4pi)ψ2H
ψ2D 4 2 ψ2D
H2D2 4 2 H2D2
X2 4 2 X2
H6 6 0 (4pi)
4
Λ2
H6
ψ2H3 6 1 (4pi)
3
Λ2
ψ2H32
H4D2 6 2 (4pi)
2
Λ2
H4D2
X2H2 6 2 (4pi)
2
Λ2
X2H2
ψ2XH 6 2 (4pi)
2
Λ2
ψ2XH
ψ2H2D 6 2 (4pi)
2
Λ2
ψ2H2D
ψ4 6 2 (4pi)
2
Λ2
ψ4
X3 6 3 (4pi)
Λ2
X3
TABLE I. SM and SMEFT lepton and baryon number pre-
serving operators of mass dimension d ≤ 6 and chiral number
Nχ ≡ Np + Nψ/2, normalized using NDA rule Eq. (23) in
d = 4 spacetime dimensions. The notation is schematic, with
H the Higgs field, ψ a fermion field, Xµν a field-strength ten-
sor and D a covariant derivative. All indices are suppressed.
The complete set of operators can be found in Refs. [41, 42].
normalization is given using Eq. (23),
L ∼− 1
4
X2 + ψi /Dψ +DµH
†DµH
− m̂2S
[
Λ2H†H
]− ŷ [4pi ψψH]− λ̂ [(4pi)2(H†H)2]
+ ĈH
(4pi)4H6
Λ2
+ Ĉψ2H3
(4pi)3ψ2H3
Λ2
+ Ĉψ4
(4pi)2ψ4
Λ4
+ . . .
(51)
The two Lagrangians are identical, so the couplings are
related by
m̂S =
mS
Λ
, ŷ =
y
4pi
, λ̂ =
λ
(4pi)2
,
ĈH =
CH
(4pi)4
, Ĉψ2H3 =
Cψ2H3
(4pi)3
, Ĉψ4 =
Cψ4
(4pi)2
.
(52)
Now consider a few sample amplitudes shown in Fig. 3.
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FIG. 3. A few SMEFT graphs. H is denoted by a dashed line, and ψ by a solid line.
Graphs (a)− (e) give the contributions
δCH ∼ 1
16pi2
λCH ,
δCψ4 ∼ 1
(16pi2)4
y6 CH ,
δCψ2H3 ∼ 1
(16pi2)2
y3 CH ,
δCH ∼ 1
16pi2
y3 Cψ2H3 ,
δCH ∼ 1
(16pi2)2
y6 Cψ4 ,
(53)
respectively, using the Lagrangian Eq. (50), and using
1/(16pi2) as an estimate for each loop. If instead we use
the NDA form Eq. (51) and the rescaling Eq. (52), it
follows that
δĈH ∼ λ̂ ĈH ,
δĈψ4 ∼ ŷ6 ĈH ,
δĈψ2H3 ∼ ŷ3 ĈH ,
δĈH ∼ ŷ3 Ĉψ2H3 ,
δĈH ∼ ŷ6 Ĉψ4 .
(54)
All the 4pi factors have disappeared, and one obtains a
very simple form for the amplitudes. To identify the
dependence in Eq. (53), it is necessary to draw the di-
agrams and determine the number of loops. Eq. (54),
instead, has a universal form which is independent of the
graphs,
δĈi ∼
∏
k
Ĉik . (55)
Note that no assumption has been made that the the-
ory is strongly coupled. The results are equally valid for
strongly and weakly coupled theories.
The NDA form Eq. (54) also shows that in strongly
coupled theories Ĉ . 1 [3]. The reason is that if Ĉ 
1, then the hierarchy of equations Eq. (55) is unstable,
because higher order contributions to Ĉi are much larger
than Ĉi. On the other hand, there is no inconsistency
if Ĉi  1, since all that implies is that higher order
corrections are small, a sign of a weakly coupled theory.
Eq. (55) also implies that an interaction becomes strongly
coupled when Ĉ ∼ 1. For the SM couplings with the
conventional normalization, strong coupling is g ∼ 4pi,
y ∼ 4pi and λ ∼ (4pi)2. For the SMEFT, the dimension
six operators are strongly coupled when CH ∼ (4pi)4,
Cψ2H3 ∼ (4pi)3, Cψ2 ∼ (4pi)2, etc. Thus, the Lagrangian
coefficient with NDA normalization reflects how close the
interaction is to its strong coupling value of order unity,
with all factors of 4pi absorbed by the normalization.
F. Matching
Finally, we demonstrate that the NDA form helps in
determining the size of EFT coefficients from match-
ing conditions, e.g. when integrating out heavy particles.
(See e.g. Ref. [1] for a review on how to compute matching
in EFTs.) To illustrate this point, we consider examples
of tree and loop matching.
An example of matching a tree diagram is the Fermi
theory, where integrating out the electroweak gauge
bosons results in four-fermion interactions. The charged
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FIG. 4. Graphs contributing to φ6 matching from integrating out a heavy scalar Φ. φ is denoted by a dashed line, and Φ by a
double line.
current interaction Lagrangian is
Lint = ψ¯Li
(
/∂ + i g /W
)
ψL
= ψ¯Li
(
/∂ + i 4pi ĝ /W
)
ψL ,
(56)
where the first and second lines are the conventional and
NDA normalizations, respectively, and the couplings are
related by ĝ = g/(4pi). The charged current four-fermion
interactions have Fermi couplings proportional to
Cψ4 ∼ g
2
2
M2W
and Ĉψ4 ∼ ĝ
2
M2W
(57)
in the two normalizations, which are equivalent since
Cψ4 = (4pi)
2Ĉψ4 .
For examples of loop matching, consider a theory with
a light scalar φ and a heavy scalar Φ with mass M , and
interaction terms
Lint = −λ1 φ3 Φ− λ2 φ2 Φ2 − λ3 φΦ3
= −(4pi)2
[
λ̂1 φ
3 Φ + λ̂2 φ
2 Φ2 + λ̂3 φΦ
3
]
,
(58)
where again the first line is the conventional normaliza-
tion, and the second line is NDA normalization. The
couplings are related by λ̂i = λi/(16pi
2). Three sample
graphs which produce a φ6 operator in the theory be-
low M are shown in Fig. 4. Since the Φ propagator is
1/(p2 −M2), we see that Λ, the scale of the momentum
expansion, is fixed to be M . The φ6 operator coefficients
c6 given by the three graphs (a)− (c) are
c6 ∼ λ
2
1
M2
, c6 ∼ λ
3
2
16pi2M2
, c6 ∼ λ
2
2λ
2
3
(16pi2)2M2
, (59)
respectively. Using NDA form,
c6φ
6 = ĉ6
[
(4pi)4φ6
]
, (60)
so that ĉ6 = c6/(4pi)
4, we find that the three graphs give
ĉ6 ∼ λ̂
2
1
M2
, ĉ6 ∼ λ̂
3
2
M2
, ĉ6 ∼ λ̂
2
2λ̂
2
3
M2
, (61)
and the loop factors have disappeared. Thus, NDA also
gives an efficient way to estimate matching conditions
with no loop factors.
The examples in this section also show that what is
important in a field theory is whether it is strongly or
weakly coupled, not the loop factors. The NDA nor-
malization is convenient because all coefficients are ex-
pressed as a fraction of their strong coupling value. More
non-trivial examples of matching, which obey NDA, have
been discussed in Ref. [14] in the context of minimal cou-
pling, and in Ref. [43] for an exactly solvable model.
G. Gauge Field Strengths
The counting rules show that gauge field strengths Xµν
are normalized as
4piXµν
Λ2
(62)
in the power counting formula, since Xµν ∼ ∂A. This
scaling gives a properly normalized gauge kinetic term,
and it gives Lagrangian terms
4pi
Λ
ψσµνXµνψ,
4pi
Λ2
fABCX
A
µνX
B
νλX
C
λµ, (63)
for anomalous magnetic moment and triple-gauge inter-
actions, respectively.
If Xµν is an elementary field that couples to particles
in the high-energy theory, and the EFT is given by inte-
grating out heavy particles, then one can see graphically
that every gauge field comes along with at least one fac-
tor of the gauge coupling g. The counting rule for gXµν
is
gXµν
Λ2
, (64)
which leads to the form
g
Λ
ψσµνXµνψ,
g3
16pi2Λ2
fABCX
A
µνX
B
νλX
C
λµ, (65)
for the anomalous magnetic moment and triple-gauge in-
teractions.
In strong coupling theories where g ∼ 4pi, the two nor-
malizations Eqs. (63) and (65) are equivalent, but they
differ in weakly coupled theories. The difference is not
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due to two alternate power counting rules. Rather, it is
a dynamical question about the underlying high-energy
theory. Gauge invariance does not imply that every Xµν
should come with a gauge coupling constant g. In EFTs
arising from UV theories where Xµν is a fundamental
gauge field, interaction terms come with a g; however,
there is no reason for this form if the gauge boson it-
self is composite due to some strong dynamics at high
energies.
IV. Λ VS p COUNTING FOR CROSS SECTIONS
In this section, we compare the RΛ and Rχ count-
ing rules for experimentally measured quantities such as
cross sections. We will use NDA counting in this section,
to show how the 4pi counting rules also work out nicely
for cross sections. The examples we consider only contain
scalar fields, so the Rχ counting is equivalent to Wein-
berg’s power counting rule for momentum p. To avoid
confusion, we wish to stress at the outset that both p and
Λ counting rules are valid. The main point is that phase
space depends on p but not on Λ, so one has to include
phase space factors when applying p counting rules to
cross sections, or equivalently, apply the counting rules
to cut graphs which contain additional loops. Λ counting
does not depend on the number of loops, but p counting
does. For this reason, manifest power counting of cross
sections is controlled by Λ, not by p.
Normalize the scattering amplitude to have the NDA
form Eq. (22), and assume the overall power of Λ is NΛ.
The contribution to the 2 → n cross section in d di-
mensions from the product of two amplitudes A(1)A(2)∗,
neglecting particle masses, has the form
σ ∼pi(4pi)d/2E2−d
(
E
Λ
)−N(1)Λ −N(2)Λ [ g
(4pi)d/4E(4−d)/2
]N(1)g +N(2)g
[
y
(4pi)d/4E(4−d)/2
]N(1)y +N(2)y [ λ
(4pi)d/2E(4−d)
]N(1)λ +N(2)λ
,
(66)
where E is the center-of-mass energy, and N
(1,2)
g,y,λ are the
order in the coupling constants of the two amplitudes.
The cross section σ has dimension 2 − d in d spacetime
dimensions. Eq. (66) is the NDA rule — or master for-
mula — for cross sections. One can derive this expression
by doing the phase space integrals in d dimensions, or by
using the NDA form Eq. (22) and the optical theorem.
As an example, for a generic scalar φ, the φφ→ φφ cross
section from a λφ4 interaction is
σ ∼ pi(4pi)d/2E2−d
[
λ
(4pi)d/2E(4−d)
]2
∼ λ2 pi
(4pi)d/2
Ed−6,
(67)
which gives σ ∼ λ2/(16piE2) in d = 4.
Note that the final result Eq. (66) depends on NΛ, and
not on the number of derivatives in the amplitude. The
factors of 4pi for each field, and the different mass di-
mensions of scalar and fermion fields drop out: the extra
4pi factors for each field cancel the extra 4pi factors in
the final particle phase space. Thus for a generic com-
plex scalar Φ, the dimension-six operators in d = 4 with
NΛ = −2
O(6)1 =
(4pi)4
(
Φ†Φ
)3
Λ2
, O(6)2 =
(4pi)2
(
Φ†∂µΦ
)2
Λ2
(68)
give
σ ∼ pi(4pi)2E−2
(
E2
Λ2
)2
(69)
for the ΦΦ → 4Φ and ΦΦ → ΦΦ cross sections, respec-
tively, where the Φ mass has been neglected and we have
assumed the same coupling strength for the two opera-
tors. Under the same assumptions, dimension eight op-
erators such as
O(8)1 =
(4pi)6
(
Φ†Φ
)4
Λ4
, O(8)2 =
(4pi)2
(
Φ†∂2Φ
)2
Λ4
(70)
give
σ ∼ pi(4pi)2E−2
(
E4
Λ4
)2
(71)
for the ΦΦ → 6Φ and ΦΦ → ΦΦ cross sections, respec-
tively.
The size of cross sections is thus governed by the usual
EFT power counting in Λ. Dimension six operators give
σ ∝ 1/Λ4, dimension eight operators give σ ∝ 1/Λ8, etc.
The two operators O(6)1,2 are both dimension-six operators
with NΛ = −2, but they have different chiral dimension,
Nχ = 0 and Nχ = 2, respectively, since Nχ depends on
the number of derivatives, Eq. (14). The cross section
size is controlled by the Λ power counting, not by Nχ (or
equivalently Np) counting. Operators with different Nχ
values give the same cross section.
We have shown earlier in Eq. (16) that RΛ, Rχ and RF
are not independent counting rules. The cross section
does not depend on the number of external fields, as can
be seen from Eqs. (69) and (71).4 It is controlled by the
Λ power counting.
Momentum p counting originated in χPT, and it is
instructive to compare Λ and p counting in this special
case. The chiral field U = exp 2iΠ/f obeys NDA count-
ing. The NDA normalization for a chiral Lagrangian is [3]
L = f2Λ2
[
∂
Λ
]Np
[U ]
NU =
Λ4
16pi2
[
∂
Λ
]Np
[U ]
NU (72)
4 Of course, we are only making dimensional arguments here. The
actual numerical value can vary with the process.
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where NU is the number of powers of U or U
†, and this
term has NΛ = 4−Np and Nχ = Np. Thus the NΛ and
Nχ counting are equivalent — one can count powers of Λ
in the denominator or powers of p in the numerator. The
χPT momentum expansion is in powers of p/Λ, not p/f ,
and so holds up to energies several times f . In deriving
this relation, we have treated U as a dimensionless field,
or equivalently Π/f ∼ θ as a dimensionless angle, which
is consistent with NDA. This is often a useful way to
think of the chiral field, when one is not interested in a
perturbative expansion in powers of the pion field. For
example, in the trace anomaly, one treats Π/f as a field
with mass dimension zero, rather than Π as a field with
mass dimension one [44, 45]. Similarly, in studying chiral
solitons, one uses U(x) without expanding in Π/f [46].
For perturbative calculations, such as pion cross sections,
Eq. (72) is expanded in Π/f .
We now expand out U in powers of Π, and consider the
counting rules for the expanded Lagrangian. The chiral
Lagrangian terms we consider are the kinetic and mass
terms, and one four-derivative term,
L = Lk +Lm +L4 + . . . ,
Lk =
f2
4
Tr
(
∂µU∂
µU†
)
,
Lm = ĉm
f2
4
Λmq
(
U + U†
)
,
L4 =
ĉ4
16pi2
[
Tr
(
∂µU∂
µU†
)]2
.
(73)
The kinetic term coefficient is fixed so that the pion ki-
netic term is canonically normalized. The other terms
have NDA normalization, so we expect ĉm and ĉ4 to be
order unity. The usual normalization of low energy con-
stants such as L4 does not include the 16pi2 of NDA,
which is why the coefficients are ∼ 5× 10−3 [26] for the
usual normalization, instead of order unity. Expanding
in powers of Π gives schematically
Lk ∼ ∂2Π2 + ∂
2Π4
f2
+
∂2Π6
f4
+ . . . ,
Lm ∼ ĉmΛmq
(
Π2 +
Π4
f2
+
Π6
f4
+ . . .
)
,
L4 ∼ ĉ4
(
∂4Π4
Λ2f2
+
∂4Π6
Λ2f4
+ . . .
)
,
(74)
using Λ = 4pif . Lk is a Nχ = 2 term and is conven-
tionally referred to as O(p2), and L4 is Nχ = 4 and is
called O(p4). Lm gives a pion mass of order m2pi ∼ Λmq.
The term Lk with Nχ = 2 in expanded form contributes
terms with NΛ = 0,−2,−4, . . . which are of different or-
ders in the Λ power counting.
It is conventional to treat m2q and Lm as O(p2), and
use a single counting parameter p. However, EFTs have
multiple parameters, and combining distinct parameters
into one parameter is not always a good idea. The pipi →
pipi cross section contributions from Lk and Lm are
σk ∼ pi(4pi)
2
E2
E4
Λ4
, σm ∼ pi(4pi)
2
E2
m4pi
Λ4
, (75)
respectively, and have different energy dependence. In
the energy regime mpi  E  Λ, we have σk  σm. The
two cross sections are comparable only near threshold,
where E ∼ mpi. The systematic counting of powers of
symmetry breaking parameters such as mq is well-known.
Let us return to the momentum expansion. The pipi →
pipi cross section from L4Lk is
σ4(pipi → pipi) ∼ pi(4pi)
2
E2
E6
Λ6
, (76)
and from L4L4 is
σ4(pipi → pipi) ∼ pi(4pi)
2
E2
E8
Λ8
. (77)
In the Rχ counting, L4 is suppressed by p2 relative to the
kinetic Lagrangian Lk, so σ4(pipi → pipi) is suppressed by
E4/Λ4 relative to σ2(pipi → pipi). If we instead count Λ,
the Π4 term in L4 is 1/Λ4 relative to the Π4 term in
Lk, again giving a relative E4/Λ4 suppression.
Next consider pipi → 4pi from Lk,
σk(pipi → 4pi) ∼ pi(4pi)
2
E2
E8
Λ8
. (78)
The 6Π vertex in Lk is a Nχ = 2 amplitude which
is order p2. Nevertheless, the Lk contribution to the
pipi → 4pi cross section in Eq. (78) is suppressed by a
factor of E4/Λ4 with respect to the Lk contribution to
the pipi → pipi cross section in Eq. (75). The extra energy
suppression arises from the final state phase space. Thus
terms with the same Nχ counting lead to cross sections of
different orders. This result can be explained using the
optical theorem. The cross section σ(pipi → pipi) is the
cut part of a one-loop diagram, whereas σ(pipi → 4pi) is
the cut part of a three-loop diagram. Since the Rχ rule
depends on the number of loops, the two extra loops add
a power E4.
The difference between power counting the amplitude
and the cross section is related to final state phase space,
or equivalently, to the number of fields. For a given phys-
ical process in χPT, Nχ and NΛ counting are equivalent,
since the external fields are fixed. A difference arises only
when we compare processes with different numbers of ex-
ternal fields. Nχ counts the p (or E) dependence of the
amplitude, and NΛ counts the p (or E) dependence of
the cross section.
V. HEFT
Finally, we consider power counting in HEFT, which
describes an extended class of Higgs boson models from
the SM to technicolor-like theories and composite Higgs
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boson models with a light scalar h. The SMEFT is a
special case of HEFT when the scalar manifold has an
O(4) (or SU(2) × U(1) if we do not assume custodial
symmetry) invariant fixed point [47].
HEFT extends the chiral Lagrangian of the three
“eaten” Goldstone bosons of the SM gauge theory [48–
51] by including a light physical scalar singlet h. The
three Goldstone bosons appear in the HEFT Lagrangian
through U(x) ≡ exp 2iΠ(x)/f , where Π(x) is the Gold-
stone boson matrix and f is the Goldstone boson decay
constant. Inspired by composite Higgs models in which
the h field is also a Goldstone boson, the dependence
of operators on h/f is customarily encoded by a generic
polynomial function F(h) [52], which has a power series
expansion in h/f . It also is customary to define the vec-
tor and scalar chiral fields
Vµ ≡ (DµU) U† , T ≡ Uσ3U† , (79)
which transform as the adjoint representation of the
SU(2)L gauge symmetry and are custodial SU(2) pre-
serving and breaking, respectively.
The field U(x) has an expansion in powers of Π(x)/f ,
so it produces operators with different mass dimension.
As we have shown in Sec. IV, these operators contribute
to cross sections at different orders in E/Λ, so one cannot
treat U as having a homogeneous mass dimension for
power counting purposes. The expansions of U, V and
T are
U = 1 +
2i
f
Π + . . .
Vµ =
2i
f
∂µΠ +
2i
f
[Π, gAµ] +
gv
f
Bµ + . . .
T = σ3 +
2i
f
[Π, σ3] + . . .
(80)
where Aµ are the unbroken gauge fields, and Bµ are the
broken gauge fields, and we have retained the lowest di-
mension non-vanishing terms in each expansion. We will
define the primary dimension dp of each HEFT opera-
tor as the smallest operator mass dimension of the terms
resulting from its power series expansion. With this def-
inition U and T have primary dimension zero and Vµ
has primary dimension two.
The rule for Vµ is a bit subtle. The operators ∂µΠ
and [Π, gAµ] have mass dimension two, while the broken
gauge field Bµ has mass dimension one. With generic
power counting, the broken gauge boson masses are of
order f . However, HEFT has a vacuum alignment fine-
tuning, so the broken gauge boson masses are of order v
instead of f . Thus the broken gauge field term gBµ is
multiplied by v/f . Finally, all the leading terms stem-
ming from Vµ have mass dimension 2 divided by the scale
f . Another way to say this is that the longitudinal com-
ponents of broken gauge bosons behave like ∂Π/f , as can
be seen from the kµkν/M
2 term in the propagator. It is
precisely this longitudinal component, related to ∂Π/f
by the Equivalence Theorem [53–56], which appears in
Vµ. The counting of the Bµ field strength tensor is not
affected, since it only depends on the transverse part.
The Vµ term in Eq. (80) has both broken and unbroken
gauge bosons since the HEFT formalism uses the analog
of the Σ-basis for QCD χPT. A more elegant formal-
ism using the ξ-basis [57–59] splits Vµ into Vµ, which
is part of the chiral covariant derivative and transforms
as a gauge field under the broken symmetry, and Aµ,
which transforms as an adjoint under the broken sym-
metry. The chiral covariant derivative Dµ = ∂µ +Vµ has
dimension one, and Aµ has dimension two.
Following Refs. [20–22, 60, 61], examples of HEFT lep-
ton and baryon number preserving operators are shown
schematically in Table II, using NDA normalization in
d = 4 spacetime dimensions and ordering the operators
by increasing primary dimension dp. Also shown are the
values of Nχ. The Higgs functions Fi(h) are treated as
dimensionless functions analogous to U and are normal-
ized so that Fi(0) = 1. The primary dimension dp of
∂F(h) is dp = 2, since the expansion starts with ∂h/f .
Operators in the ξ-basis are given by using D for the
derivatives, Vµ → Aµ and U→ 1.
The importance of operators cannot be determined by
the explicit powers of 1/Λ in front of the operator in
Table II, because there are hidden factors of Λ in U, V
and T, which become manifest when they are expanded
in Π as in Eq. (80). In the large Λ limit, all terms can be
expanded out in a power series in Π/f = 4piΠ/Λ, and the
HEFT Lagrangian reduces to SMEFT form, where the
1/Λ counting is manifest. For example, the dp = 8 term
V4, which has no explicit power of 1/Λ in Table II, is
(∂Π)4/f4 at leading order in its power series expansion,
which is suppressed by 1/Λ4, as expected for a d = 8
operator.
The custodial-preserving Lagrangian of HEFT includ-
ing terms with dp ≤ 4 is
L (dp≤4) =− 1
4
X2 FX2(h) + ψi /Dψ + 1
2
∂µh∂
µh (81)
− f
2
4
Tr(VµV
µ)FV2(h) + Ĉ1 f2Λ2 F1 (h)
− Ĉψ2U Λ
(
ψ¯LUψR + h.c.
) Fψ2U(h) ,
where we have set Λ = 4pif and the term proportional
to Ĉ1 encodes the Higgs scalar potential. There are no
arbitrary F(h) functions in front of the fermion and Higgs
kinetic energies because they can be removed by field
transformations (see Refs. [22, 62, 63]). In addition, there
is no arbitrary coefficient in front of the V2 term, since
the coefficient must be unity to produce a canonically
normalized kinetic energy term for the Π fields. The
ψ2U term is a chirality violating operator which gives
mass to the fermions, so its coefficient defines a Yukawa
coupling
Ĉψ2U = yˆ ≡ y
4pi
. (82)
Note that
Ĉψ2UΛ = yˆΛ ≡ yf (83)
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Operator dp Nχ NDA form
1 0 0 Λ
4
(4pi)2
F1 (h)
ψ2U 3 1 Λψ2UFψ2U(h)
X2 4 2 X2 FX2(h)
ψ2D 4 2 ψ2D
(∂h)2 4 2 (∂h)2
V2 4 2 Λ
2
(4pi)2
V2 FV2(h)
ψ2V 5 2 ψ2VFψ2V(h)
ψ2XU 5 2 4pi
Λ
ψ2XUFψ2XU(h)
ψ4 6 2 (4pi)
2
Λ2
ψ4 Fψ4(h)
XV2 6 3 1
4pi
XV2 FXV2(h)
X3 6 3 (4pi)
Λ2
X3 FX3(h)
XV∂ 6 3 1
4pi
XV ∂FXV∂(h)
ψ2VU∂ 7 3 1
Λ
ψ2VU ∂Fψ2VU∂(h)
ψ2V2U 7 3 1
Λ
ψ2V2UFψ2V2U(h)
ψ2U∂2 7 3 1
Λ
ψ2U
(
∂ Fψ2U∂2(h)
)2
V2∂2 8 4 1
(4pi)2
V2 (∂FV2∂2(h))2
V4 8 4 1
(4pi)2
V4 FV4(h)
TABLE II. Custodial-preserving CP -even HEFT operators of
primary dimension dp and chiral number Nχ ≡ Np + Nψ/2,
normalized using NDA rule Eq. (23) in d = 4 spacetime di-
mensions. The notation is schematic, with h the physical
Higgs singlet field, ψ a fermion field, Xµν a field-strength ten-
sor, D a covariant derivative, ∂ a partial derivative, U(x) the
exponential of the Goldstone boson matrix, and V(x) the vec-
tor chiral field. All indices are suppressed. The operators
listed have dp ≤ 8 and Nχ ≤ 4.
which converts Λ to f if the operator is written in terms
of the standard Yukawa coupling y instead of the NDA
Yukawa coupling yˆ. As for the gauge boson masses, a
fine-tuning v/f is required in the Yukawa interactions in
order to predict fermion masses proportional to the EW
vev v.
The HEFT counting discussed in this section also can
be used for QCD χPT which corresponds to setting all
Fi(h) = 1. The leading order (LO) Lagrangian contains
the two-derivative pion terms and photon kinetic energy
term. The terms
H1
[
TrF 2Rµν + TrF
2
Lµν
]
, L10Tr U
†FRµνUFLµν , (84)
(in the notation of Ref. [26]) give the the running of the
photon kinetic energy due to pion loops, and naturally
belong with the photon kinetic energy term in the dp = 4
Lagrangian. The two-derivative plus one field-strength
term L9 is in the dp = 6 Lagrangian, while the other chi-
ral symmetry preserving operators L1−3 describing four-
derivative pion interactions are contained in the dp = 8
one. If the quark mass term is treated as order p2, then
the chiral symmetry breaking operators H2 and L6−8 are
in the dp = 4 Lagrangian, while the terms L4,5 are in the
dp = 6 one.
A. Loops in HEFT
The SMEFT Lagrangian can be broken up into a lead-
ing order Lagrangian LLO with terms of d ≤ 4, a NLO
Lagrangian with operators of d = 6, a NNLO Lagrangian
with operators of d = 8, etc. The Λ power counting
implies that loops with LLO vertices generate divergent
contributions only to LO operators, loops with one in-
sertion of LNLO generate divergent contributions only to
NLO operators, loops with two insertions of LNLO or
one insertion of LNNLO generate divergent contributions
only to NNLO terms, etc. Note that the LO, NLO, etc.
counting does not depend on the number of loops in the
diagram. Thus an arbitrary loop graph using LLO ver-
tices only generates LLO operators.
In χPT, the Lagrangian can be broken up into the
Nχ = 2 leading order Lagrangian,
L =
f2
4
Tr ∂µU ∂
µU† , (85)
the Nχ = 4 order p
4 NLO Lagrangian, etc. ∂µU(x) con-
tains terms with different mass dimension, all with one
derivative. The Nχ counting rule Eq. (13) implies that
a graph with arbitrary insertions of LLO vertices, but
only one loop generates divergent contributions to LNLO
terms; graphs with arbitrary LLO vertices, one insertion
of LNLO plus one loop, or arbitrary LLO vertices and
two loops, generates divergent contributions to LNNLO
terms; etc.
The usual SMEFT and χPT expansions are both sys-
tematic, but different. The SMEFT power counting does
not depend on the number of loops, but does depend on
the number of fields, whereas the χPT power counting
depends on the number of loops but not on the num-
ber of fields. The breakup of the two Lagrangians into
LO, NLO, etc. is also different; one counts fields, and the
other counts derivatives. The NΛ and Nχ counting rules
are both equally valid in both theories; what differs is the
way terms are grouped together. In χPT, the Nχ rule is
more convenient because all terms in U(x) have the same
Nχ value.
HEFT is a fusion of SMEFT and χPT. It contains
Goldstone boson fields in U(x) as well as other fields
such as gauge fields, fermions, and the Higgs boson h,
which makes a unified power counting more subtle. To
see the problem, consider a toy theory which is QCD
with charge zero quarks, and QED with the muon inte-
grated out so that there are higher dimension operators
suppressed by inverse powers of the muon mass. At low
energies, the QCD sector is described by χPT with Nχ
counting and an expansion in p/Λ. The lepton sector is
QED with two expansion parameters, α and p/mµ. One-
loop graphs with the O(p2) LO χPT Lagrangian gener-
ate O(p4) terms of the NLO χPT Lagrangian. One loop
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graphs with the O(1/m0µ) LO QED Lagrangian generate
O(1/m0µ) terms of the LO QED Lagrangian with coeffi-
cients suppressed by α, not O(1/m2µ) terms of the NLO
QED Lagrangian. The two sectors satisfy two different
types of power counting rules with different expansion
parameters, one based on QED counting, and the other
based on χPT counting. Turning on an electric charge
for the quarks couples the two sectors, but it is not help-
ful to force both sectors into a unified counting with a
single expansion parameter. The situation in HEFT is
similar.
The primary dimension used to classify the operators
uses a SMEFT-like counting of dimension combined with
summing up powers of Π/f into U(x) to maintain the
symmetry transformation properties of the chiral field.
Consider the V2 operator in Table II, with expansion
f2 Tr(VµV
µ)FV2(h) ∼(∂Π)2 + c1 1
f
h(∂Π)2+
+ c2
1
f2
(∂Π)2(Π)2 + . . .
(86)
which has dp = 4, and contains operators with dimen-
sions d = dp + k, k ≥ 0, although all terms have Nχ = 2.
Using chiral operators such as V2 in graphs produces an
operator which must be written in terms of U by chiral
invariance, with
dp − 4 ≥
∑
i
(dp,i − 4)
Nχ − 2 =
∑
i
(Nχ,i − 2) + 2L
(87)
from Eqs. (8) and (13). The Λ counting rule becomes an
inequality when written in terms of dp instead of d.
The primary dimension is a way of ordering terms in
the Lagrangian for phenomenological applications, while
at the same time treating objects such as Vµ(x) with
terms related by chiral invariance as a single quantity.
The underlying counting rules remain the four indepen-
dent rules summarized in Sec. II.
VI. CONCLUSIONS
We have derived the most general power counting rules
for EFT, and shown how to use them in a number of
examples. We have clarified the difference between Λ and
chiral number Nχ counting and shown that cross sections
are controlled by the Λ counting, not the Nχ counting.
We have applied the rules to HEFT, and clarified some
aspects of HEFT and χPT power counting. The ordering
of cross sections in HEFT is by the Λ power counting, and
hence by the primary dimension dp listed in Table II.
We have also shown the NDA counting is related to ~
counting. A generalization of the d = 4 relation Λ = 4pif
to arbitrary dimensions also has been derived.
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